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INTRODUCTION

The task of computing the probability of a set of
symbol sequences arises in bioinformatic problems
usually when there is a need to assess the reliability of
search for some signals or patterns. The query set
thereby comprises all sequences of given length m that
contain a pattern exceeding the specified quality level
Q; the latter can be specified in scalar as well as in vec�
tor form (see [1, 2]).

To formally state the problem of computing the
probability of a sequence family, one must specify:

—the alphabet A;
—the sequence length m;
—the probability distribution ρ on the set Am;
—the set of sequences S ⊆ Am.
This paper presents a way of reducing the problem

to calculating a so�called generalized partition func�
tion (GPF) for an appropriate graph (see [3, 4]),
which can be efficiently done by dynamic program�
ming. The graph is built from the finite�automaton
(FA) descriptions of the initial set S ⊆ Am and the
probability distribution ρ.

The paper is structured as follows. First the means
of FA representation are described for the probability
distribution (section 1) and the set of sequences (sec�
tion 2); section 3 formulates the problem, defines the
probabilistic accepting automaton, and describes how

such an automaton serves to reduce the problem. Sec�
tion 4 gives estimates of the complexity of the pro�
posed algorithm for various means of specifying the
probabilities. The main ideas of this algorithm as
applied to seed sensitivity have been presented else�
where [4].

1. PROBABILITY ASSIGNMENT

Let the probability distribution on Am be specified
with a FA probability transducer (PT) [4]. As regards
the possibilities of describing probability distributions
on symbol sequence sets, PTs are equivalent to hidden
Markov models (HMM) [5].

Informally speaking, PT is a non�deterministic
probabilistic FA without finals states, which at every
q  q' transition outputs a probability of a, where q
and q' are states and a is a symbol of the alphabet. The
relation between PTs and HMM is analogous to the
equivalence of Mealy and Moore automata [6].

Definition 1. A probability transducer over A is a
quadruple G = 〈Q, q0, A, ρ〉, where Q is a finite set of
states, q0 is the initial state, A is the alphabet, ρ: Q × A ×
Q  [0, 1] is the probability function such that

Definition 2. Let G = 〈Q, q0, A, ρ〉 be the probability
transducer over alphabet A. A transition in G is a triple
e = 〈q, a, q'〉 such that ρ (q, a, q') > 0. Letter a is a label
of the transition, label(e). States q and q' are respec�
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tively the start and the end states of the transition,
start(e), end(e).

The succession P = (e1, …, en) of transitions is
called the path in G, if for any i ∈ {1, …, n – 1} it is
start(ei + 1) = end(ei). The label of path P = (e1, …, en)
is the word label(e1)…label(en). Path P is initial if its
start state is the q0 of G. The probability ρ(P) of the path
is the product ρ(P) = Πi = 1, nρ(ei).

The transducer G is deterministic if for any pair q ∈
Q, a ∈ A there can be at most one transition 〈q, a, q'〉.

Definition 3. Let G = 〈Q, q0, A, ρ〉 be the probability
transducer over alphabet A. The probability of word w
relative to G is PG(w) equal to the sum probability of all
initial paths with label w; if there are no such paths,
PG(w) = 0. The probability of finite language L ⊆ A* is
the sum PG(L) of the probabilities of all words w ∈ L.
Obviously, for any n it is true that PG(An) = 1.

The conventional means of specifying the proba�
bility distributions on words can be expressed in FA�
PT terms. A Bernoulli distribution (see, e.g., [7]) is
described with a one�state PT. For Markovian distri�
butions of k�th order (e.g. [8]) the probability of the
next symbol depends on k preceding symbols; such a
distribution can be described with a deterministic PT
with maximally |A |k states. The distributions described
by HMM [9] in the general case correspond to nonde�
terministic PTs; the set of PT states is that of the
HMM, plus possibly a special initial state.

Statement 1. Let G = 〈Q, q0, A, ρ〉 be a PT over
alphabet A. Then for G one can construct a hidden
Markov model H(G) that specifies on A* the same
probability distribution as G does. Inversely, for each
model H one can construct a G(H) that specifies on A*
the same probability distribution as H does.

The proof follows directly from the definitions of
PT and HMM [5].

Note. In biological applications it is sometimes
expedient to take as the universum not the entirety of
sequences of given length but a finite set U of another
type (see example in [10]). In this case it can be taken
that the probability distribution is nonetheless speci�
fied on set Am(U) such that U ⊆ Am(U), while the signifi�
cance of set S ⊆ U ⊆ Am(U) can be estimated with a con�
ditional probability Prob(S)/Prob(U). Henceforth it is
assumed that the probability distribution is specified on
set Am for appropriate alphabet A and word length m.

2. DESCRIPTION OF SEQUENCE FAMILIES

The set S ⊆ Am the probability of which is sought for
is finite and hence is accepted by DFA [4] with at most
m |S | states. However, it is often possible to construct
an S�recognizing automaton with much fewer states.
As a rule, set S is described as

S = Am ∩ S ' (1)
where S ' ⊆ A* is also recognized by the FA.

Definition 4. Let B = 〈QB, , , A, ϕB〉 be a finite
automaton recognizing set S' ⊆ A*; m is a natural

number. Let B(m) = 〈QK, , , A, ϕK〉 be an autom�
aton specified as follows:

1) QK = {〈 , 0〉} ∪ QB × {1, …, m} ∪ {qT}, where qT

is an additional dead�end state;

2)  = 〈 , 0〉;

3)  =  × {m};

4) ϕK(qT, a) = qT for arbitrary a ∈ A;
ϕK(〈q, k〉, a) = 〈ϕB(q, a), k + 1〉 if k + 1 ≤ m,
ϕK(〈q, k〉, a) = qT otherwise.
Note that B(m) can be regarded as a Cartesian

product of B and the Am�recognizing automaton. For
the |QK | states of B(m) it is

|QK | = |QB | · m + 2 = O(|QB | · m) (2)
Statement 2. Let set S' ⊆ A* be recognized by FA B,

m a natural number. Then B(m) recognizes S = Am ∩ S'.
The proof is obvious.
In many applications S 'is specified by the following

condition (where L is a finite number of words in
alphabet A):

(3)

Condition (3) will be called the Aho–Corasick
condition (see [11] presenting an algorithm of building
for set L an automaton recognizing S '(L) specified by
such a condition).

3. FORMULATION OF THE PROBLEM 
AND ALGORITHM

Thus, the problem of interest can be formulated as
follows.

Given:
1) alphabet A,
2) word length m;
3) transducer G = 〈Q, q0, A, ρ〉 specifying a proba�

bility distribution ρG on Am;
4) language L ⊆ Am and DFA K recognizing L.
Find the probability PG(L) of set L relative to ρG.
Solution of the problem is based on the notion of a

probabilistic accepting automaton (PAA). Informally
speaking, PAA is a nondeterministic PT with a subset
of accepting states. Let PAA be defined as the Carte�
sian product of an automaton without output and a PT
over the same alphabet.

Definition 5. Let K = 〈QK, , , A, ϕ〉 be a DFA

without output, G = 〈QG, , A, ρ〉 a PT over alphabet
A. The probabilistic accepting automaton (PAA) W =

K × G is a pentuple W = 〈QW, , , A, ρW〉 where

QW  = QK × QG;
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 =  × ;

 = {〈k, g〉 = QK  × QG |k ∈ };

ρW(〈k, g〉, a, 〈k', g'〉) = ρ(g, a, g') if ϕ(k, . a) = k',
ρW(〈k, g〉, a, 〈k', g'〉) = 0 otherwise.

Definition 6. An initial path in PAA is called full if it
ends in an accepting state.

Statement 3. Let G be a PT, L ⊆ Am a finite language
and K an acyclic DFA accepting L.

Then
1. The W = K × G graph is acyclic.
2. The probability PG(L) of language L relative to

transducer G is equal to the sum of probabilities of all
full paths in PAA W = K × G.

Proof:
1. Follows from that K is acyclic.
2. Since K is a DFA, then
1) for each path in G there is a single path in W =

K × G and inversely, at that the path in G is a projection
of the path in W onto G;

2) for arbitrary w ∈ A* either any path with label w
leads to an accepting state (at w ∈ L) or none of them
does (at w � L).

Therefore the set of all paths in G with labels from
L is in one�to�one correspondence with the set of full
paths in W = K × G, and the probabilities of the corre�
sponding paths coincide. This concludes the proof of
Statement 3.

Consequence. Computation of PG(L) boils down to
calculating the GPF (see [3]) in the W graph.

Note. Since L is a finite language, it is always possi�
ble to construct an acyclic FA accepting L.

4. ALGORITHM COMPLEXITY

The consequence of Statement 3 gives the algo�
rithm of computing the probability of the finite set
S ⊆ Am assuming that the transducer and the recogniz�
ing automaton are known.

Statement 4. Consider alphabet A and a finite set

L ⊆ Am. Let K = 〈QK, , , A, ϕK〉 be a DFA recog�

nizing L, and G = 〈QG, , A, ρG〉 a PT specifying ρG

on Am.
Then the probability PG(L) of set L relative to ρG

can be found by dynamic programming in time O(|QG|2 ·
|QK | · |A|) using memory O(|QG | · |QK |).

Proof. By Statement 3, PG(L) can be calculated as
the sum of probabilities of all full paths in W = K × G.
This sum can be found by dynamic programming (see
[12]) in time O(|DW |) with memory O(|QW |), where DW

is the set of edges in the W graph, QW  is the set of W
states. Note that [3] reviews the application of this
technique to various problems of bioinformatics.
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By construction, the PAA W has |QG | · |QK | states
and for each pair of the state q of W and the symbol a ∈
A there are at most |QG | edges outgoing from q. This
concludes the proof.

Statement 5. Consider alphabet A and a finite set

L ⊆ Am. Let K = 〈QK, , , A, ϕK〉 be a DFA recog�

nizing L, and G = 〈QG, , A, ρG〉 a deterministic PT

specifying ρG on Am.
Then the probability PG(L) of set L relative to ρG

can be found by dynamic programming in time O(|QG| ·
|QK | · |A|) using memory O(|QG | · |QK |).

Proof. Identical to that for Statement 4, on the
strength of that for a deterministic G it is true that
|DW | ≤ |QG | · |QK | · |A |.

Consequence 1. Let the probability distribution on
Am be Bernoulian. Then for the time and memory
needed to compute PG(L) we have TimeBern ≤ O(|QK | ·
|A|) and SpaceBern ≤ O(|QK |).

Proof follows from that in the Bernoullian case,
|QG | = 1.

Consequence 2. Let the probability distribution on
Am be Markovian of order r. Then for the time and
memory needed to compute PG(L) we have TimeMark ≤
O(|QK | · |Ar + 1|) and SpaceMark ≤ O(|QK | · |Ar |).

Proof follows from that in the r�th order Markovian
case, |QG | = O(|Ar |).

An important case when the estimate of Statement
4 can be strengthened is described below.

Statement 6. Consider alphabet A and a finite set

L ⊆ Am. Let B = 〈QB, , , A, ϕB〉 be an automaton

recognizing set L' such that L' ∩ Am = L, and G = 〈QG,

, A, ρG〉 be a transducer specifying ρ on Am. Then the
probability Pρ(L) of set L relative to ρ can be found by
dynamic programming in time O(|QB | · |QG |2 · |A| · m)
using memory O(|QB | · |QG |).

Proof. On the strength of Statement 2, automaton

B(m) = 〈QK, , , A, ϕK〉 (Definition 5) recognizes

set L = L ∩ Am. The number of states |QK | = |QB | · m +
2 = O(|QB | · m), whence the time bound. Proving the
memory bound requires closer consideration of the
algorithm [3] used to calculate Pρ(L). For k ∈ QK  and
a ∈ A, we define set

Pred(k) = {k' ∈ QK |∃a ∈ A(ϕK(k', a) = k).
Recall that the algorithm for GPF inspects the state

set QW  = QK  × QG  in the topological order. For every
state (k, g) ∈ QW  the sum probability P(k, g) is calcu�
lated for all initial paths ending in (k, g), using the pre�
viously calculated P(k', g') only for such (k', g') that
k' ∈ Pred(k).

Denote as the r�th layer in B(m) the set Layer(B, r)
of states 〈b, r〉 where b ∈ QB, r = 0, 1, …, m. From the
definition of B(m) ensue the following auxiliary state�
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ments. Analogously, the r�th layer in PAA W = B(m) ×
G is the set of all pairs (x, g) such that x ∈ Layer(B, r).

(i) Let the topological order <B be specified on the
state set QB . Then the relation <K on QK, where

(b, r) <K (b', r') ⇔ (b <B b') ∨ ((b = b') & (r < r'),
specifies the topological order on QK . In other words,
states (k, g) ∈ QW  can be processed layer�wise.

(ii) The topological order on QK  together with an
arbitrary order on QG  lexicographically specify the
topological order on QW.

(iii) Let k ∈ QK and k ∈ Layer(B, r). Then Pred(k) ⊆
Layer(B, r – 1).

From statements (i)–(iii) it follows that states (k, g) ∈
QW  can be processed layer�wise and consequently at
each moment it is enough to store the P(k, g) values for
only two layers: current and preceding. Considering
that every layer of W contains |QB | · |QG | states, the
required memory estimate is obtained. Statement 6 is
proven.

Statement 7. Consider alphabet A and a finite set

L ⊆ Am. Let B = 〈QB, , , A, ϕB〉 be an automaton

recognizing set L' such that L' ∩ Am = L, and G = 〈QG,

, A, ρG〉 be a deterministic transducer specifying ρ

on Am. Then the probability Pρ(L) of set L relative to ρ
can be found by dynamic programming in time O(|QB| ·
|QG | · |A| · m) using memory O(|QB | · |QG |).

Proof is analogous to those for Statements 5 and 6.
Consequence 1. Let the probability distribution on

Am be Bernoullian. Then for the time and memory
needed to compute PG(L) we have TimeBern ≤ O(|QB | ·
|A| · m) and SpaceBern ≤ O(|QB |).

Proof follows from that in the Bernoullian case,
|QG | = 1.

Consequence 2. Let the probability distribution on
Am be Markovian of order r. Then for the time and
memory needed to compute PG(L) we have TimeMark ≤
O(|QB | · |Ar + 1| · m) and SpaceMark ≤ O(|QB | · |Ar |).

Proof follows from that in the r�th order Markovian
case, |QG | = O(|Ar |).

The last statement of the paper concerns an impor�
tant special case when set S is specified by the Aho–
Corasick condition and the probability distribution is
Markovian of the order r ≥ 1. In this case the estimates
of consequence 2 from Statement 7 can be substan�
tially improved.

Statement 8. Consider alphabet A and a finite set
L ⊆ Am. Let M be a finite set of words, set

L' = {w ∈ A*|w contains a subword from M}
and at that it is

L = Am ∩ L'.

Let further B = 〈QB, , , A, ϕB〉 be an Aho–
Corasick automaton for M that recognizes L', and ρ a

qB
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F

qG
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qB
0

QB
F

probability distribution on Am specified by a Markov
model of order r.

Then the probability Pρ(L) of set L relative to ρ can
be found by dynamic programming in time O((|QB | +
|Ar |) · |A| · m) with memory O(|QB | + |Ar |).

Proof. Let G = 〈QG, , A, ρG〉 be a deterministic PT

specifying a Markovian ρ on Am. On the strength of
Statement 7, it is sufficient to prove that the layer of
B(M) × G contains O(|QB | + |Ar |) vertices.

According to Section 1, |QG | = O(|Ar |), with QG  ele�
ments being words in alphabet A, of length less than r.
The states of automaton B are words v ∈ Pref(M), see
Section 2. Therefore the states of PAA W = B(m) × G
are triples 〈v, w, s〉, where v, w ∈ A*; s ∈ {0, 1, …, m};
v is the state of transducer G; 〈w, s〉 is the state of K,
and the initial state of W is 〈ε, ε, 0〉.

Let λ be the W transition function. By the design of
Aho–Corasick automaton B, transducer G, and PAA
W, if for a certain word u ∈ A* it is

λ(〈ε, ε, 0〉, u) = 〈v, w, s〉,
then words v and w are suffixes of u.

Hence for every state 〈v, w, s〉 attained from the ini�
tial state of W it is true that

v is suffix of w or w is suffix of v (4)
From (4) it follows that the number of states in a

layer of W is estimated at O(|QB | + |QG |), quod erat
demonstrandum.

5. CONCLUSIONS

The proposed algorithm can be used in various bio�
informatic problems. To deploy it one should build
finite automata representing the probability distribu�
tion and the query sequence family. A probability
transducer is easily constructed for the main models
(Section 1). Constructing an automaton recognizing
the sequence family may prove a more difficult task. As
a rule, use can be made of the Aho–Corasick con�
struct [11], as exemplified [2, 4]. Sometimes it is useful
to present the set under study as a difference S = S1 –
S2, where S is part of S1. In this case the probability of
S is equal to the difference of probabilities of S1 and S2.
the idea of such decomposition is that S1 and S2

automata may in sum have fewer states than the auto�
mation for S, which improves the algorithm perfor�
mance. An example of this is given elsewhere [13].
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